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Abstract
Planar sliding of objects is modeled and analyzed. The model can be used for non-prehensile manipulation of
objects lying on a surface. We study possible motions generated by frictional contacts, such as those arising
between a soft finger and a flat object on a table. Specifically, using a quasi-static analysis we are able to derive
a hybrid dynamical system to predict the motion of the object. The model can be used to find fixed-points of
the system and the path taken by the object to reach such configurations. Important information for planning,
such as the conditions in which the object sticks to the friction patch, pivots, or completely slides against it are
obtained. Experimental results confirm the validity of the model for a wide range of applications.
Keywords Planar sliding, non-prehensile manipulation, soft finger, frictional contact
1 Introduction
An object can be manipulated using either a prehensile or a
non-prehensile approach. Thin flat objects on a surface are hard
to grasp, but can be manipulated by pushing or pulling. Several
strategies are imaginable. If the object is small compared to a
hand, it is possible to cage it within the hand. Depending on the
height of the object, it could also be pushed from the side by
some parts of the hand or moved by using an elevated edge or
any bumps or dents on its surface. In certain cases, force closure
can be achieved by pressing the object for example against the
table and moving the object as if it was grasped. Nevertheless,
a practically interesting case is when the hand is placed on top
of the object, but the friction between the object and the hand is
controlled such that the object can pivot (Fig. 1). This strategy
is an example of exploiting environmental constraints for ma-
nipulation (Malvezzi et al., 2019). The benefits are immediate
when force closure is impossible, no matter how hard the object
is pressed (e.g., due to a small contact area), or when hand reori-
entation is limited, for example due to kinematic limitations of
the robotic arm.
When a robot end-effector (e.g., a hand or a soft finger) estab-
lishes a frictional contact with an object, it can transfer forces
through the friction patch formed between them. Such contact,
when used for pivoting, behaves similarly to a joint. However, it
can transfer not only forces between the end-effector and the ob-
ject but also torque. This fact can be used to control the angular
velocity of the object.
Contact mechanics is a complex phenomenon (Johnson, 1985).
The concept of limit surfaces has been introduced as a convenient
way to characterize the friction properties of two surfaces sliding
against each other (Goyal, 1989). A practical approximation of
the limit surface was proposed by Howe and Cutkosky (1996).
The observation is that limit surfaces can be approximated by
ellipsoids. This result has also been confirmed for soft finger
models (Xydas and Kao, 1999; Fakhari et al., 2016).
Planar sliding by means of pushing from a side of an object is a
classic topic in robotics (Mason, 1982; Peshkin and Sanderson,
1987). Active sensing and pushing using only tactile feedback
was proposed by Lynch et al. (1992). Ruiz-Ugalde et al. (2011)
Figure 1: An example in which the friction is utilized to move
and reorient the cell phone.
studied pushing objects with rectangular support. Under uncer-
tainty of the center of pressure, Huang et al. (2017) provides
exact bounds for the motion of a sliding object. Pushing on the
edge of blocks is revisited based on differential flatness for plan-
ning and control (Zhou and Mason, 2017). In these scenarios,
the contact surface between the pusher and the object has been
assumed small such that no moment can be transferred through
the contact area.
Exploiting extrinsic dexterity, a grasped object can be manip-
ulated. For example, Chavan-Dafle and Rodriguez (2017);
Chavan-Dafle et al. (2018) have considered scenarios where
objects were pushed against various fixtures, while they were en-
sured to stick to the fixtures. A discrete set of hard point contacts
was used to model the friction between the fixture and the object,
while for the grasp the limit surface concept was utilized. For
planning of stable pushes, a polyhedral approximation to motion
cones was calculated (Chavan-Dafle and Rodriguez, 2017).
Using friction patches has also been studied in the context of
in-hand manipulation tasks (Bicchi et al., 1993; Shi et al., 2017).
For the task of dynamic pivoting, assuming a “pivoting joint”
and using a simple friction model, a robust controller was pro-
posed to cope with the uncertainty in the torsional friction (Hou
et al., 2016). Additionally, adaptive control strategies have been
considered by Viña B. et al. (2016). Common simplifying as-
sumptions used also in these works are that the contact points of
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Figure 2: The coordinate frames attached to the object {O} and
the patch {H}.
the fingers and the object are fixed and/or the friction is isotropic
with limit surfaces described by diagonal matrices.
A generic manipulation problem with compliance and sliding
was studied by Kao and Cutkosky (1992). In the subsequent ar-
ticles, Kao and Cutkosky (1993); Xue and Kao (1994) analyzed
manipulation of a business card on a frictionless table top using
symmetric motion of two soft fingers. A good match between
the theory and the experiments was reported.
The problem of planar sliding when there is torque transfer be-
tween the object and the manipulator, due to the dimension of
the contact area, can be regarded as an extension of pushing
problems (Lynch et al., 1992; Zhou et al., 2017). Some of the
previously suggested approaches can also be adapted to this prob-
lem (Kao and Cutkosky, 1992; Shi et al., 2017; Chavan-Dafle
et al., 2018). Nevertheless, there has not yet been a complete
analysis of this problem per se. Thus, the aim of this article is to
provide an adequate mathematical model of planar sliding using
friction patches for the purpose of control and planning.
2 Modelling
Consider the configuration shown in Figure. 2. We refer to the
part moving the object as a hand, which can be any part of a
robotic hand such as a soft finger or in general a part of an end-
effector. We assume that the object is rigid and the hand does
not roll against it. The patch, which is the part of the hand in
touch with the object, may however deform. Accordingly, we
assign body-fixed frames to the object and to the patch. The
frame attached to the patch is designated by {H} and the frame
of the object by {O}. For convenience, we consider the frame of
the object to be fixed at its center of mass (COM) with its z-axis
orthogonal to the sliding surface. For the hand, we consider the
frame to be fixed at the centroid of the patch. Moreover, we
assume that the limit surfaces (LS) are symmetric with respect
to the origin (if the direction of motion is reversed, so are fric-
tion forces). They can also be approximated by ellipsoids with
respect to the Center of Pressure (COP).
Here is the list of the assumptions:
• The surface and the object are much more rigid com-
pared to the robotic hand.
• The hand is placed on top of a flat object.
• The hand does not roll against the object.
• The Coulomb friction model is used.
• The limit surfaces are symmetric with respect to the
origin and can be approximated by ellipsoids.
• The velocities are low enough such that the quasi-static
condition holds.
2.1 Summary of nomenclature
Capital bold letters denote matrices. Vectors are denoted by
an arrow above a symbol, while small bold letters represent
coordinate vectors. Scalars are typeset in roman.
qo generalized coordinates of the object
qh generalized coordinates of the patch
νo twist of the object wrt frame {O}
νh twist of the patch wrt frame {H}
vh linear velocity of the patch
νrel relative twist of the patch and the object in {H}
wo wrenches exerted on the object wrt frame {O}
wh wrenches exerted on the hand through the patch
p position of the pivot point wrt frame {H}
m torque
J(r) Jacobian for a point at relative coordinates r
R(θ) Rotation matrix along z direction with θ rad
G(q) Jacobian for a frame with relative coordinates q
A LS of object-surface contact wrt frame {O}
B LS of hand-object contact wrt frame {H}
Aˆ LS of object-surface contact wrt frame {H}
Φ principal sliding wrenches
Λ generalized eigenvalues of Aˆ and B
2.2 Preliminaries
The generalized coordinates of the object are denoted by
qo =
[
xo, yo, θo
]T
and the twist and the wrenches expressed in the body-fixed frame
are
νo =
[
vxo, vyo, ωo
]T
,
wo =
[
fxo, fyo, mo
]T
.
Similarly, the respective quantities for the friction patch are
defined and denoted by the subscript h.
The relative coordinates of frame {H} with respect to {O} can be
written as
qrel :=
[
xr, yr, θr
]T
= R(−θo) (qh − qo)
where R(·) is the rotation matrix along the z-axis
R(θ) :=
cos(θ) − sin(θ) 0sin(θ) cos(θ) 0
0 0 1
 . (1)
We also define for a position vector r = [xr, yr]T ,
J(r) :=
1 0 −yr0 1 xr
0 0 1
 (2)
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with the property that J(r1)J(r2) = J(r1 + r2) for any r1 and r2.
Accordingly,
J−1(r) = J(−r) =
1 0 yr0 1 −xr
0 0 1
 .
Proposition 1. The relation between planar twists νp given in
frame {P} and νo given in frame {O}, with relative coordinates
qrel = [r, θr]T is
νp = Gνo (3)
where
G := G(qrel) = RT (θr)J (r) . (4)
Similarly, the wrenches are related according to
wo = GTwp. (5)
Proof. By changing the point of reference, we find
~vp = ~vo + ~ωo × −→OP, (6a)
~ωp = ~ωo. (6b)
Rewriting (6a) in the frame {O}, we obtain
Rvp = vo + ωokˆ × (xr iˆ + yr jˆ)
= vo + (xr jˆ − yr iˆ)ωo,
where iˆ, jˆ, and kˆ denote unit coordinate vectors. Similarly for
the forces, we have
~fo = ~fp (7a)
~mo = ~mp +
−→
OP × ~fp. (7b)
Rewriting (7b) in the frame {O} results in
mokˆ = mpkˆ + (xr iˆ + yr jˆ) × ( fxo iˆ + fyo jˆ)
= (mp + xr fyo − yr fxo)kˆ.
Additionally, the change of the frame from {P} to {O} requires
fo = Rfp.
The proof is completed by rewriting the results in matrix form.
Using the Coulomb model of friction between surfaces, the
friction wrench with respect to point o can be calculated as
fo = −
∫
D
v(r)
‖v(r)‖µr p(r) dA, (8a)
mo = −
∫
D
(r − o) × v(r)
‖v(r)‖ µr p(r) dA, (8b)
where p(r) denotes the pressure and v(r) denotes the relative lin-
ear velocity between sliding surfaces at position r. The integral
is calculated over the area D. Based on the assumed quadratic
model of the limit surfaces, the relation between (8a) and (8b)
can be approximated by an implicit function
H(w) := wTAw = 1, (9)
for a positive definite matrix A ∈ R3×3. The corresponding twist
is parallel to the gradient of H(w). Thus,
ν = −k′∇H(w)
= −kAw, k ≥ 0. (10)
Note that for a given w applied to an object sliding on a surface,
there will be no relative motion if
H(w) < 1,
and the object will be accelerating if H(w) is larger than one. By
combining (9) and (10), it is possible to eliminate k and hence
to find wrenches as a function of the twist
w = − A
−1ν√
νTA−1ν
. (11)
Proposition 2. Assume that the limit surface calculated with
respect to frame {O} can be represented by
wToAwo = 1, (12)
where A is a positive definite matrix. Then, the limit surface
with respect to frame {P}, which has the relative coordinates
[r, θr]T is
wTp Aˆwp = 1, (13)
where
Aˆ = GAGT (14)
is a positive definite matrix and G = RT (θr)J (r).
Proof. The result is achieved by the direct application of Propo-
sition 1. For the positive definiteness, note that
wT Aˆw = (GTw)TA(GTw) ≥ 0.
Since G is full rank, GTw is zero if and only if w = 0. Conse-
quently, the matrix Aˆ is positive definite.
The following theorem shows that a limit surface characterized
by any positive definite matrix can be assumed as a diagonal
matrix with respect to a frame assigned at the COP.
Theorem 3. Any positive definite matrix A ∈ R3×3 can be de-
composed as
A = RTJΛJTR, (15)
where Λ is a diagonal matrix, and R and J are rotation and
Jacobian matrices as defined in (1) and (2), respectively.
Proof. See appendix A
2.3 Force and velocity relations
The limit surfaces and the relation between the friction wrench
exerted on the hand through the patch wh and the wrench affect-
ing the object wo are:
wToAwo = 1, (16)
wThBwh = 1, (17)
wo −GTwh = 0, (18)
where G := G(qrel) denotes the Jacobian corresponding to the
relative coordinates of frame {H} with respect to {O}. Equa-
tion (18) is derived from the fact that the wrenches on the object
sum to zero under the assumption of quasi-static manipulation,
i.e., the inertial forces are negligible. Additionally, we have
these velocity relations
νo = −k1Awo, k1 ≥ 0 (19)
νrel = −k2Bwh, k2 ≥ 0 (20)
νrel = νh −Gνo, (21)
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where νrel denotes the relative twist of the patch with respect
to the object expressed in {H}. Equations (19) and (20) are the
counterparts of (10) while (21) is obtained by first transforming
νo to the frame of the patch and then subtracting it from the twist
of the patch.
2.4 Solution
Using (18) it is possible to rewrite (16) as
wTh Aˆwh = 1, (22)
where Aˆ = GAGT characterizes the limit surface of the object
at frame {H}. By solving the generalized eigenvalue problem
BΦ = AˆΦΛ, we can simultaneously diagonalize Aˆ and B such
that
Λ = ΦTBΦ,
I = ΦT AˆΦ,
where I ∈ R3×3 denotes the identity matrix. Thus, by applying
wh = Φw we transform (17) and (22) to
wTΛw = 1, (23a)
wTw = 1. (23b)
Moreover, by subtracting (23b) from (23a), we find the normal
form
wTCw = 0, (24a)
wTw = 1, (24b)
where C := Λ − I is a diagonal matrix. Note that if there is
a solution to (24), it is possible to recover the wrenches at the
patch and the object frames using the following relations
wh = Φw, (25a)
wo = GTwh (25b)
In view of (23), feasible wrenches w lie on the intersection of
an ellipsoid with the unit sphere. Accordingly, there are several
possible cases:
• The limit surface of the object lies entirely inside the
limit surface of the patch, hence C ≺ 0. Since any
required forces for sliding can be provided through the
patch, the hand sticks to the object (νrel = 0). The only
possible mode in this case is called sticking.
• The limit surface of the patch is entirely contained in
the limit surface of the object, hence C  0. In this
case, the hand cannot provide enough force through the
patch for sliding the object against the surface, hence
the object remains still and the patch slides against it
(νo = 0). We call the corresponding mode slipping.
• Otherwise, there exists a νh for which the hand can
move the object while allowing it to pivot. We call
this mode pivoting. An example in which pivoting is
possible is illustrated in Figure 3.
Using the transformations (25), it is also possible to rewrite
(19)–(21) to obtain
ΦTGνo = −k1w, k1 ≥ 0 (26)
ΦTνrel = −k2Λw, k2 ≥ 0 (27)
νrel = νh −Gνo. (28)
−1
0
1
−1
0
1
−1
0
1
w1w2
w
3
Figure 3: Visualization of Eq. (23) for an example where pivot-
ing mode is possible. The vector w is unitless.
From (26)–(28), we conclude
ν˜h = −(k1I + k2Λ)w,
where ν˜h := ΦTνh. Let us define α =
k2
k1
≥ 0. Accordingly,
w = − 1
k1
(I + αΛ)−1ν˜h. (29)
Substituting (29) into (24a) results in
ν˜ThC(I + αΛ)
−2ν˜h = 0, (30)
which is equivalent to
c1
(
v˜xh
αλ1 + 1
)2
+ c2
(
v˜yh
αλ2 + 1
)2
+ c3
(
ω˜h
αλ3 + 1
)2
= 0, (31)
where ci and λi are the diagonal elements of C and Λ, respec-
tively. Equation (31) can be solved for α. Afterwards, by substi-
tuting (29) into (24b), it is possible to calculate k1.
A relation between νo and νh can also be found by substitut-
ing (29) back to (26)
hν˜o = (I + αΛ)−1ν˜h.
After some algebraic manipulations, we have
hνo = Aˆ(Aˆ + αB)−1νh
= (I + αBAˆ−1)−1νh, (32)
where hνo := Gνo is the twist of the object expressed in {H}.
Using (28), we find the relative twist to be
νrel =
(
I + (αBAˆ−1)−1
)−1
νh
= α(αI + AˆB−1)−1νh. (33)
When the patch slides against the object, there is a pivot point,
which can be determined by finding the point where the object
and the patch have the same velocity. In other words, the pivot
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point is the instantaneous center of rotation (COR) between
the patch and the object. Using the velocity transfer relation
according to Proposition 1, we conclude the location of the pivot
point in the hand frame is
p := [xp, yp]T =
1
ωr
[−vyr, vxr]T , (34)
where νrel =
[
vxr, vyr, ωr
]T
denotes the relative twist of the
patch with respect to the object expressed in {H}.
In sticking mode, the pivot point is indeterminate and we may
choose any point, e.g., the origin of {H}. However, at the bound-
ary of pivoting and sticking modes, it is possible to make the
pivot point a continuous function by evaluating the limit as
α → 0. In view of (33), this is equivalent of substituting νrel
in (34) with
ν¯rel = BAˆ−1νh.
2.5 Regions of validity
If there is α > 0 to satisfy (31), the pivoting mode is ac-
tive, which implies having a finite pivot point. Otherwise, the
wrenches can be calculated to identify which mode is valid. In
sticking mode, from the twist of the patch and the fact that the
object slides on the surface, we can easily calculate w
ν˜h = −k1w, (35a)
1 = wTw. (35b)
Then, the sticking mode is valid if the contact between the patch
and the object can be sustained by the friction, i.e.,
wTΛw < 1. (36)
Subtracting (35b) from (36) results in
wTCw < 0. (37)
Using (35a), it is possible rewrite the condition as
ν˜ThCν˜h < 0. (38)
Note that whenever α = 0, the relative velocity is zero and
hence the mode is sticking. Since in this case Equation (30)
degenerates to condition (38) with an equality sign, we extend
the condition to include also its boundary. Accordingly, in
sticking mode
ν˜ThCν˜h ≤ 0, (39)
or equivalently
νTh Aˆ
−1 (B − Aˆ) Aˆ−1νh ≤ 0. (40)
Similarly, in slipping mode
ν˜h = −k2Λw, (41a)
1 = wTΛw. (41b)
And the mode is valid if
wTw < 1. (42)
Subtracting (42) from (41b) results in
wTCw > 0.
Using a similar argument as mentioned before, we extend the
boundary to include the case α→ ∞ and express the condition
using (41a) as
ν˜ThCΛ
−2ν˜h = ν˜ThC(C + I)
−2ν˜h ≥ 0, (43)
or equivalently
νThB
−1 (Aˆ − B)B−1νh ≥ 0. (44)
3 Dynamical system
The quasi-static behavior of the system is determined based on
the modes of the system. There are three modes depending
on which contact surface can provide enough friction to avoid
slippage. To determine the active mode, i.e., the discrete state of
the system, when νh , 0 first we solve (31). If there is a positive
real solution, then the pivoting mode is selected. Otherwise,
depending on whether the condition (39) or (43) is fulfilled,
sticking or slipping mode is selected, respectively. When νh = 0,
the definition of the mode is somewhat arbitrary. Hence, if
neither C ≺ 0 nor C  0, we set the mode to pivoting. This
procedure is summarized in Algorithm 1.
By integrating the twists in the global frame, we find the gener-
alized coordinates of the patch and the object. This implies the
dynamical system
q˙h = R(θh)νh, (45a)
q˙o = R(θo)νo. (45b)
In pivoting mode, i.e., when ∃α > 0, using (32) we find
νo = G−1
(
I + αBAˆ−1
)−1
νh, (46)
where G := G(qrel) and qrel = R(−θo) (qh − qo). Otherwise, in
sticking mode, using (28) and the fact that νrel = 0 we obtain
νo = G−1νh. (47)
In slipping mode, the velocity of the object is zero,
νo = 0. (48)
The wrenches at the hand wh can also be expressed in terms
of the states and νo, which in turn is a function of the input.
Using (11) together with (18), we conclude
wh = −G
−TA−1νo√
νToA−1νo
, (49)
Accordingly, in pivoting mode using (46) we have
wh = − 1k1
(
Aˆ + αB
)−1
νh, (50)
where
k1 =
(
νTh
(
Aˆ + αB
)−1
Aˆ
(
Aˆ + αB
)−1
νh
)1/2
.
And in sticking mode,
wh = − Aˆ
−1νh√
νTh Aˆ−1νh
. (51)
Algorithm 1 Mode selection
νh , 0
1: Solve for α in (31)
2: if ∃α > 0 then
3: mode← pivoting
4: else if ν˜ThCν˜h ≤ 0 then
5: mode← sticking
6: else
7: mode← slipping
8: end if
νh = 0
1: if C ≺ 0 then
2: mode← sticking
3: else if C  0 then
4: mode← slipping
5: else
6: mode← pivoting
7: end if
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In slipping mode, νr = νh. Therefore, using (11) it is concluded
that
wh = − B
−1νh√
νThB−1νh
. (52)
3.1 Effect of normal forces
Our formulation is generic with respect to A and B describing
the limit surfaces, as long as the matrices are positive definite.
In fact, both matrices can be time-varying, specifically when the
COP of the object does not have a fixed transformation to its
COM or when the patch is deforming as a result of variations in
normal or tangential forces.
For surfaces with homogeneous friction coefficients and sym-
metrical pressure distributions, with no deformation of contact
areas as a result of varying normal forces, the trajectory depends
only on the ratio between normal forces at the Hand-Object
(HO) and the Object-Environment (OE) contacts, and not their
absolute values. The reason is that given these assumptions, the
normal forces as well as the friction coefficients can be factor-
ized from A and B, and in the solution only the ratio will appear.
Nevertheless, the friction forces will be scaled.
In general, when the normal force at the patch is changed, the
frictions related to HO and OE are not proportionally changed.
Firstly, the lower surface has to additionally support the weight
of the object, secondly the pressure distribution may vary and
become stronger closer to the patch, and thirdly deformation of
the patch may increase its contact area.
To exactly model the effect of normal force, it is required to
know the pressure distributions and their variation. This is not a
simple task as the pressure distribution depends in general on
the stiffness of the contact surfaces, geometry of the contact,
and relative velocities. Particularly, the friction patch may go
through large deformations as a function of normal forces.
To get an understanding of the effect of normal force, consider a
special case where a flat object and a sphere-shaped soft finger
following a Hertzian law are in contact. Denoting the normal
force on the sphere by fn, the pressure distribution at radius r
is (Johnson, 1985)
p(r) = p0
(
1 − r
2
a2
)1/2
, (53)
where
p0 =
3
2pia2
fn (54)
and a is the radius of the contact area. Using this pressure
distribution, Equation (8) allows us to calculate the maximum
friction force and torque
fmax = µ fn, (55)
mmax = µ
3pi
16
a fn. (56)
By changing the normal force, the radius of the contact area
increases according to
a =
(
3
4
R
E∗
fn
)1/3
, (57)
where R is the radius of the sphere and E∗ is the effective elastic
modulus. As it can be seen, while tangential forces depend
linearly on the normal force, the torque has a nonlinear depen-
dence because of the increase in contact area. Accordingly, it is
possible to change the ratio of the torsional to tangential friction
of the patch.
Another observation is that by pressing the patch harder, the
COP of the object shifts more toward the patch. Although
modeling the exact physical phenomenon is complicated, we
can easily incorporate this effect using a computational model.
For example, define s ∈ R to be a value between zero and one
characterizing the percentage of the shift of the COP
s = 1 − (c fn
mg
+ 1)−δ, (58)
where c and δ are model parameters and mg is the weight of
the object. Then, if the limit surface at the COP of the object is
characterized by ACOP and r denotes the relative position of the
hand frame w.r.t. the object frame, the limit surface at the object
frame is
A = J(−sr)ACOPJT (−sr). (59)
A similar approach can be used to compensate for the shift of
COPs due to relative velocities. See Appendix D for experimen-
tal validation of the proposed model for the shift of COP.
4 Properties of the solution
In this section, we describe a number of properties of the quasi-
static sliding motion. Some are general properties concerning
the well posedness of the problem and some are useful results
for planning and control.
If none of the diagonal elements of C are zero, i.e, the matrix
is full rank, we can prove that there is always a unique solution
to the system. First we prove that there could exist at most one
solution in pivoting mode. Secondly, we prove that there exists at
least one active mode and it is impossible to have any two modes
active at the same time. Note that when C is rank deficient, νo is
indeterminate for certain νh since the forces can be balanced for
any value of α ≥ 0. For example, in one-dimensional space, as
a consequence of Coulomb friction model, if the friction force
at HO contact is exactly the same as the friction at OE contact,
the object can have any velocity in the range from zero to the
hand velocity.
Theorem 4. If C is full rank and νh , 0, there is at most one
positive solution (α > 0) to Equation (31).
Proof. See Appendix B.
Theorem 5. If C is full rank and νh , 0, the mode is uniquely
determined.
Proof. See Appendix C.
Note that the transition between modes can happen smoothly.
For example, the pivot point can gradually shift to infinity as the
patch starts to slide against the object or go to a limit value as
the patch and the object approach the same velocity.
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Theorem 6. Scaling the twist of the patch by a constant results
in the twist of the object being scaled by the same constant, i.e.,
if νh results in νo, then cνh results in cνo.
Proof. Note that α which is the solution to (31) is not affected
by scaling νh. The proof is completed by considering the rela-
tions (46) and (47).
Corollary 1. Reversing the twist of the patch reverses the twist
of the object, which is proved by setting c = −1.
Corollary 2. When ωh = 0, the location of the pivot point as a
function of the velocity direction is periodic with period pi. The
proof is straightforward by considering (33) and (34).
Note that Corollary 1 does not guarantee that reversing a trajec-
tory will bring the object back to its initial state. This is due
to the sensitivity of the dynamical system to perturbations, e.g.,
reversing from the vicinity of a fixed-point is very sensitive to
noise.
Theorem 7. Given the quasi-static assumption for sliding, the
path of the object is invariant under scaling of the patch twist
according to cνh(ct) for any constant c ∈ R , 0.
Proof. Let us define q˜o(t) := qo(ct) where qo(t) is the solution
of (45b). Accordingly, we conclude
˙˜qo = R(θ˜o)cνo(ct). (60)
From Theorem 6, it is clear that cνh(ct) results in cνo(ct). Thus,
q˜o(t) is the solution of the system with the scaled input velocity.
Since a path is independent of its parametrization, the path
defined by qo(t) is the same as q˜o(t).
Corollary 3. Starting from the same initial configuration and
moving the patch along a line at a constant velocity, the distance
required for the patch to move for causing a certain change in
the orientation of the object, ∆θo, is independent of the velocity.
It is possible to find the set of patch twists corresponding to each
mode of the system. As we will prove, these sets define cones
in twist space. This allows defining a similar concept to motion
cones appeared in (Mason, 1986; Lynch and Mason, 1996),
defining the set of possible velocities for stable pushing, i.e.,
when the pusher does not slide against the object. In this article,
we use the term more generically to refer to twist subspaces
corresponding to any modes, i.e., we may use slipping, sticking,
and pivoting motion cones. However, unless it is specified, by
a motion cone we also mean the subspace corresponding to
sticking mode.
For constant twists of the friction patch, fixed-points of the
system are in sticking mode, i.e., when the patch configuration
does not change with respect to the object. This is analogous
to stable pushing. For straight line motions, starting from the
pivoting mode, a possible fixed-point is reached at the limit
when ωo = 0.
Theorem 8. The boundary of each mode in twist space of the
patch is a conical surface. The set of patch motions for which
the object sticks to the patch or slips against it defines a cone.
Accordingly, the pivoting mode is the intersection of the comple-
ment of these two cones.
Proof. The theorem is a direct result of the discussions of the
regions of validity in Section 2.5. According to (39), sticking
mode is valid if
ν˜ThCν˜h ≤ 0 (61)
and the boundary is obtained with the equality sign. Similarly,
for slipping mode from (43) we have
ν˜ThC(C + I)
−2ν˜h ≥ 0. (62)
These equations define closed cone sets in the form of the interior
and the exterior of elliptic cones, depending on the signs of the
diagonal elements of C. The intersection of the complement of
these sets defines the region of validity for pivoting motion, i.e.,{
ν˜h : ν˜ThCν˜h > 0 ∧ ν˜ThC(C + I)−2ν˜h < 0
}
. (63)
By changing the basis according to ν˜h = ΦTνh, the proof is
completed.
The following Theorem allows us to define bounds for the direc-
tion of the patch velocity that leads to pivoting mode.
Theorem 9. If ωh = 0, there is either no vh for pivoting mode,
or vh lies inside a planar cone or two planar cones.
Proof. According to Theorem 8, the region of pivoting mode in
twist space is the intersection of two cone sets with vertices at
the origin. Considering the intersection of this set with the plane
ωh = 0 the proof is completed.
Since the motion cones depend on the position of a patch, we
always draw them with respect to {H}. Note that the motion
cones are three dimensional objects. In two-dimensional space,
we draw the intersection of the cone with the ωh plane. When
ωh = 0 the resulting intersection is a planar cone, but when
ωh , 0, the intersection can be any conic section. This implies
that changing the magnitude of the linear velocity may result in
a mode change.
Theorem 10. Assume variations of A with respect to hand
placements are negligible. Then, the locus of patch positions
with the same vh characterizing the boundary of the planar
motion cone (ωh = 0) is composed of at most two parallel lines.
Proof. The boundary of the planar motion cone is character-
ized by νh :=
[
vTh , 0
]T
that solves (40) with the equality sign.
Expanding the expression, we find
νTh Aˆ
−1BAˆ−1νh = νTh Aˆ
−1νh. (64)
The Jacobian matrix G(qrel) is a function of the relative position
of the patch and the object r =
[
xr, yr
]
. As a result
Aˆ−1 = G−TA−1G−1 (65)
varies with the change of the patch position. Since ωh is zero,
G−1νh = Rνh. (66)
Thus, the right-hand side of (64) is independent of r. The left-
hand side can be written as
uTJ−1RBRTJ−Tu, (67)
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Figure 4: Locus of the patch with vh = [
√
3, 1]T characterizing
the boundary of the planar motion cone. The two black lines
visualize the locus. For three different hand positions on one of
the lines, the sticking motion cones are shaded.
where u = A−1G−1νh is also independent of r because of ωh = 0.
Assuming u = [u1, u2, u3]T , we find
uTJ(−r) = [u1, u2, u1yr − u2xr + u3] . (68)
Accordingly, (64) defines a second order equation in u1yr−u2xr +
u3. This completes the proof that if there are any solutions
for
[
xr, yr
]
, they can form at most two lines with the slope
−u2/u1.
Corollary 4. If A characterizes an isotropic friction, moving
{H} along one boundary of a motion cone keeps that boundary
intact for the new patch position.
Proof. In this case, u = [u1, u2, 0]T and is aligned with the
velocity of the patch in the object frame. From (68), we find that
if [u1, u2]T denotes the unit vector for the boundary of the motion
cone of a patch at
[
x0, y0
]T , then r = [x0 + ku1, y0 + ku2]T for
k ∈ R is the locus of the patch positions with [u1, u2]T as the
boundary of their planar motion cones.
An example to illustrate the result of Corollary 4 is given in
Figure 4.
Note that when the pivot point does not shift significantly, an ap-
proximation of the maximum amount of rotation can be achieved
by calculating the angle between the direction of vh and the sta-
ble boundary of the planar motion cone. Knowing the direction
of possible displacements of the patch with respect to the object,
the result of Theorem 10 makes it possible to answer whether
the approximation is an upper bound or a lower bound.
Theorem 11. In a given configuration, the locus of pivot points
for all hand velocities is a conic section.
Proof. The set of possible wrenches w for pivoting mode lives
on the intersection of a cone and the unit sphere according
1.1
1.18
1.27
1.36
1.47
1.58
1.69
1.82
1.95
Figure 5: An example demonstrating the locus of possible pivot
points for various hand velocities and normal forces. For higher
normal forces exerted by the hand, the pivot points get closer to
the cross which shows the COP of the friction patch.
to (24). Transforming this set to νrel using (27) results into a
new cone for relative twists. Since all νrel on a generatrix of the
cone result in the same pivot point, it is enough to consider the
intersection of this cone with the plane ωr = 1 to find xp and yp.
This completes the proof.
According to Theorem 11, the locus of pivot points partitions
the space into three regions, which are possible to be mapped to
the three modes of the system. For example, assuming the locus
is an ellipsoid, if the hand slips against the object the center
of rotation will be inside the ellipsoid, while in pivoting mode
the COR is on the ellipsoid. Figure 5 illustrates the result of
Theorem 11 for an example where normal forces are varied.
Theorem 12. The twists for sticking with the largest margin
corresponds to the generalized eigenvector of Aˆ and B with the
smallest eigenvalue through
νh = kAˆφmin, k ∈ R. (69)
Similarly, the twists corresponding to slipping mode with the
largest margin can be found using the eigenvector with the
largest eigenvalue
νh = kAˆΛφmax. (70)
Proof. According to (37), sticking with the largest margin is
obtained at the minimum of
c(w) = wTCw. (71)
under the constraint of (35b), that is
wTw = 1. (72)
Similarly, slipping with the largest margin is obtained at the
maximum of (71) under the constraint of (41b), that is
wTΛw = 1. (73)
Given the facts that C is diagonal andΛ = C+I, the optimization
problems have trivial solutions with w having only one non-zero
element in the row corresponding to the smallest or largest
element of Λ. Applying the relations (35a) and (41a) completes
the proof.
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The amount of sticking margin can be characterized as the mini-
mum external wrench disturbance at the object frame, wdist that
can cause a mode change from sticking mode. Certainly, if νh is
close to an unstable boundary of the motion cone, the effect of
the mode change is more drastic.
Theorem 13. The largest sticking margin is
wdist =
√∣∣∣∣∣ λmin − 1λmax − 1
∣∣∣∣∣GTφmax (74)
where the smallest and largest generalized eigenvalues of Aˆ and
B are denoted by λmin and λmax, respectively.
Proof. From the proof of Theorem 12, we know that the largest
margin is achieved for w that is zero except at the row corre-
sponding to λmin. This ensures that wTCw < 0 is minimized
given the constraint that ‖w‖ = 1. To change the mode of the
system, the additional wrench has to fulfill
(w + ∆w)TC(w + ∆w) = 0. (75)
Since C = Λ − I is diagonal, the shortest distance to the cone is
simply obtained from
(λmin − 1) + ∆w2(λmax − 1) = 0, (76)
where ∆w is the only non-zero element of ∆w corresponding to
the largest eigenvalue. Accordingly, the solution is
∆w =
√∣∣∣∣∣ λmin − 1λmax − 1
∣∣∣∣∣. (77)
The proof is completed by transforming ∆w to the object frame
using (25).
When the velocity of the patch is limited to linear velocities
(ωh = 0), possible wrenches generated by the patch lie on a
plane. Consequently, the optimum of (71) must be obtained in
that subspace.
Theorem 14. If the friction is isotropic, for a linear motion,
sticking with the largest margin is obtained when the velocity
is aligned with the line connecting the COP of the object to the
COP of the patch.
Proof. Minimizing (71) under the constraint (72) is equivalent
to minimizing
νTh Aˆ
−1BAˆ−1νh (78)
under the constraint.
νTh Aˆ
−1νh = 1. (79)
Additionally, limiting to linear motions we must impose
ωh = 0. (80)
Since the friction is assumed to be isotropic, we can reorient {O}
such that the y-axis points to the COP of the patch. Additionally,
we align {H} with {O}. Now assume A = diag([a, a, a3]) and
B = diag([b, b, b3]). Accordingly,
Aˆ = JAJT , (81)
where J := JT ([0 , r]T ) and r is the distance between the COP of
the object and the patch. Since ωh = 0, for evaluating (78)
and (79) only the first two rows and columns of Aˆ−1 and
Aˆ−1BAˆ−1 are important. These submatrices are equal to
(Aˆ−1)2×2 =
1
a
I, (82)
(Aˆ−1BAˆ−1)2×2 =
b
a2
1 + b3b r2 0
0 1
 . (83)
The minimum of (78) is obtained along the longest axis of the
ellipse defined by (83), that is the y-axis.
Note that the result of Theorem 14 applies to the case when
no angular velocity for the patch is permitted. In fact, if it is
allowed, under the same assumption of isotropic frictions, the
sticking direction with the largest margin will be perpendicular
to the line passing through the COPs of the object and the patch.
This can be confirmed by evaluating (69) or by evaluating the
generalized eigenvalues of Aˆ−1 andB−1, which gives the solution
to (78)–(79).
All the velocities in the motion cone corresponding to sticking
mode are fixed-points of the system. However, half of the fixed-
points lying on the surface of the cone are unstable. The next
theorem proves this.
Theorem 15. If a certain twist on the boundary of the motion
cone results in a stable fixed-point, then the fixed-point resulted
from the opposite twist is unstable.
Proof. At a fixed-point of the system, the patch will not displace
with respect to the object. Accordingly, we first derive the
dynamics of the relative pose qrel = R(−θo) (qh − qo). By taking
the derivative of the expression, we find
q˙rel = G−1νrel
= G−1
(
I + (αBAˆ−1)−1
)−1
νh. (84)
We linearize the system at the boundary of pivoting and sticking
modes, i.e., at qrel = q0 where α = 0. The eigenvalues of the
linearized system will tell us about stability of fixed-points when
the system is perturbed away from the sticking region. Denoting
the variation in qrel by ∆qrel, the linearized system can be written
as
∆˙qrel = M∆qrel, (85)
where
M = G−1(q0)BAˆ−1νh∇α. (86)
Here, we have considered α = α(xr, yr, θr), which is the solution
of (31).
First, we observe that M is a matrix of rank 1, since its columns
are scaled versions of the same vector. Accordingly, M has at
most one nonzero eigenvalue, which can be expressed as
u := G−1BAˆ−1νh, (87)
and the corresponding eigenvalue is
∇αu = [ ∂α
∂xr
,
∂α
∂yr
,
∂α
∂θr
]u. (88)
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Note that α is an even function of νh, i.e., the solution of (31) is
the same for both νh and −νh. Hence, the gradient of α is unaf-
fected by changing the direction of motion while u according
to (87) will be negated. Therefore, we conclude that for opposite
twists, the signs of the eigenvalues of the linearized system are
different. This implies that if a fixed-point resulted from a twist
on the boundary of pivoting and slipping regions is stable, the
fixed-point due to the opposite twist cannot be stable.
As it can be concluded from the proof of Theorem 15, the relative
position does not have an asymptotic stability. Thus, the patch
can gradually drift with respect to the object unless the system is
forced into sticking mode with some margin. Moreover, to find
if a direction of motion is stable, we have to check whether the
sign of expression (88) is negative or not. Although it is possible
to derive an analytic expression, a practical way is to check what
direction the object would rotate toward if it is perturbed away
from the fixed-point. For linear motions this approach works
even if the object is far from the fixed-point, since the object
rotates always toward a stable fixed-point.
5 Approximate solution
In this section, we develop an approximate solution to the prob-
lem of determining the velocity of the object in pivoting mode
assuming that the variation in the pivot point is limited, e.g.,
when the torsional friction of the patch is small. The approxi-
mate solution has to solve the same set of equations as before,
i.e., (24) and (26)–(28), but we relax some of the constraints as-
suming a known estimate of the pivot point. In practice, having
such an estimate is realistic, since it is desired to keep the pivot
point close the center of the patch. Moreover, we can devise an
iterative algorithm to update the position of the pivot point in
order to improve the accuracy of the solution.
The condition for the pivot point can be expressed as
Jpνrel = 0, (89)
where Jp ∈ R2×3 corresponds to the first two rows of J(p),
which is the Jacobian of the position of the presumed pivot point
p defined in the hand coordinate. Using the definition of νrel
in (28), combined with (26), we find
JpAˆΦw = −vpk1 , (90)
where we have defined vp := Jpνh.
Considering (90), the general solution for w given vp is
w = − 1
k1
ΦT
(
J†pvp + γn
)
, (91)
where n = [yp, −xp, 1]T spans the nullspace of Jp and γ ∈ R
is an arbitrary constant. By introducing w¯ := ΦTJ†pvp and
w0 = ΦTn, we rewrite (91) as
w = − 1
k1
(w¯ + γw0) . (92)
Note that Jp is a function of the pivot point, and hence w.
Substituting (92) into (24a) results in
γ2wT0Cw0 + 2γw
T
0Cw¯ + w¯
TCw¯ = 0, (93)
where we have used the facts that k1 > 0 and C is diagonal.
From (93), we can solve for
γ =
−wT0Cw¯ ±
√
∆
wT0Cw0
, (94)
where
∆ := (wT0Cw¯)
2 − (wT0Cw0)(w¯TCw¯). (95)
After determining γ, we can substitute (92) into (24b) to find k1.
Consequently,
k1 = ‖w¯ + γw0‖ . (96)
Moreover, irrespective of k1, by putting w back to (26) it is
possible to conclude
νo = G−1
(
J†pJpνh + γn
)
, (97)
where the pivot point and γ depend on the friction parameters
and νh. Also using (21), we obtain
ωr =
nTνh
‖n‖2 + γ. (98)
So far, we have ignored Equation (27). From this equation, we
find
k2 = − ωr[0 , 0 , 1]BΦw . (99)
There are two solutions to (93). Using Equation (99), we choose
the one which results in a positive value for k2. Now, we can
calculate νrel from (27) and use (34) to update the pivot point.
Note that by choosing the frame of the hand at the pivot point,
the relation simplifies to
νo = G−1
vhxvhy
γ
 . (100)
In this case, the angular velocity of the object is equal to γ.
Other possibility that we can study using this formulation is
when there is a fixed amount or no torsional friction. In this
case, (24a) must be replaced by
wT0w = mp, (101)
which is a consequence of Proposition 1. Subsequently, we
substitute (92) into (101) to get
γwT0w0 = −wT0 w¯ − k1mp. (102)
If mp , 0, Equation (102) can be solved together with (96)
which results in a quadratic equation. However, if mp = 0 we
find immediately
γ = − w
T
0 w¯
‖w0‖2
=
nT Aˆ−1J†pvp
nT Aˆ−1n
. (103)
This result reveals the connection to pulling/pushing scenarios
in which there is no torsional friction at the pivot point.
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Figure 6: Visualization of maximum amount of rotation as a function of initial patch location for νh = [1, 0, 0]T . On the left, the
approximate solution based on the angle between the direction of hand motion and the stable boundary of the motion cone, on the
right the final amount of rotation based on simulated sliding. If the hand is initially placed in the white area, the patch will touch an
edge of the object or goes outside of the object boundary. In the dark blue area in the middle, the hand and the object stick together.
6 Strategies for sliding
In this section, we consider an application of the model devel-
oped in previous sections. Specifically, we are interested in
using a robotic soft finger to reorient a flat object on a table.
This can be done similarly to how a human would manipulate a
cell phone on a table, as illustrated in Figure. 1.
When a part of the hand is used for reorienting an object, we
leverage on the fact that there is a pivot point in the vicinity of
the contact region. The instantaneous pivot point is the point
where the patch and the object have the same velocity, i.e., the
relative velocity is zero. Note that a pivot point at infinity is
not interesting since it implies that the patch slides completely
against the object, hence cannot move it. See Figure 12 for an
example of the locus of the pivot point and the origin of the hand
frame during sliding motion.
For sliding, the placement of the hand is constrained by
• the direction and amount of rotation,
• final constraints such as not causing the object to topple
at the edge of the surface,
• the weight of the object to avoid flipping it,
• the requirement for pivoting, i.e., the object should not
be caged.
If the trajectory of the patch and its final relative pose with re-
spect to the object are given, then there is not much freedom left
for the initial placement of the hand. Otherwise, the placement
can be optimized for different criteria, such as the shortest dis-
tance to achieve a certain rotation or the lowest uncertainty, e.g.,
by ensuring that the desired pose is a stable fixed-point.
When using a linear motion to reorient an object, the upper
limit for the amount of object rotation is the angle between the
velocity vector of the patch and the line passing through the
COPs of the patch and the object, provided that the friction is
isotropic and there is no torsional friction (Huang et al., 2017).
A more accurate estimation can be obtained by measuring the
angle between the velocity vector and the stable boundary of
the planar motion cone for a given hand placement. Figure 6
visualizes the amount of expected rotation as a function of the
initial hand placement from simulation and compares it with the
approximation based on motion cones.
If the goal is to rotate the object to a desired orientation on the
edge of a table, a possible strategy could be to place the hand
on the side where a straight trajectory gives a feasible solution
for a long enough surface. The friction patch should be close to
the edge to shorten the distance, but not exactly at the edge to
allow for pressing the object downward even when the object
has reached the edge of the surface. The placement should also
leave some margin to the borders of the object since the relative
position of the patch and the object may vary during the motion.
From the dynamical system described in Section 3, we know that
only two out of the three following quantities can simultaneously
be controlled: (i) normal force, (ii) velocity of the hand, (iii) the
position of the pivot point. Moreover, possible feedback signals
for a controller are wh, νo, qo, and qrel.
For example, we may keep the normal force at a minimum
amount required for stopping rotation. Then, using the feedback
from the actual angle of the object, the normal force can be de-
creased if the angular velocity has to be increased. Accordingly,
a simple proportional controller can be designed as
fn = −K sat(θre f − θmeas) + fU , (104)
where θre f is the reference angle and fU an upper limit for the
normal force, which can be obtained from the model, sat(·) is
the saturation function with tunable upper and lower limits, K is
the proportional gain.
A lower bound for the normal force can be chosen such that
there will be no slipping mode and a fixed-point, i.e., switching
to the sticking mode is guaranteed. More advanced schemes
might include an integral action to reduce the sensitivity to fU ,
and a feedforward term.
7 Experiments and results
We performed a number of simulations and robotic experiments
to validate the model and its application. The simulations were
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Figure 7: Sliding an object along a straight line from left to right for several fixed normal forces. The origin of the object frame,
the origin of the hand frame and the pivot point are shown in blue, red, and cyan, respectively. The dashed lines represent the
boundary of motion cones. The slipping and sticking cones are shaded in light red and light blue, respectively. In the top-left
figure, the hand slips after some time completely outside the boundary of the object, while in the bottom-right figure the mode is
always sticking because of the increased normal force.
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Figure 8: Sliding an object with ωh , 0. On the left, the tip
of the velocity arrow is inside the motion cone, thus the patch
sticks to the object. On the right side, the liner velocity has
increased and the object is pivoting against the patch.
carried out in Matlab, and the robotic experiments were per-
formed by a Kuka LBR iiwa7 robot.
7.1 Simulations
We present the results of simulations of the model with the pa-
rameters specified here. The box dimensions are 15.6 × 23.6 cm.
The patch is circular with a radius of 2.0 cm. The weight of
the box is 450 g. The coefficient of friction between the box
and the surface and the soft finger and the box are µoe = 0.2
and µho = 0.8, respectively. We assume a uniform pressure
distribution between the box and the surface when the box is not
pressed and a Hertzian pressure distribution for the soft finger.
To account for the shift of COP, we use (58) with c = 0.6 and
δ = 2.
In Figure 7, simulation experiments in which the blue box is be-
ing moved from the left to the right by a soft finger are illustrated.
The initial placement of the soft finger is r = [−3, 7] cm. The
end-effector moves at 1 cm/s in the x direction. The simulation
runs for 50 seconds. Each subplot corresponds to a certain con-
stant normal force. Considering left-right top-bottom ordering,
the normal forces are 1.43, 1.7, 4, and 6 N, respectively. The
trajectory of the patch, pivot point, and object are visualized.
Note that for generating Figures 4, 5, and 6 presented in previ-
ous sections, we have used fn = 2.5 N, r = [−3.5, 6] cm, and
fn = 2.5 N, respectively while remaining parameters were set
according to the values given in this subsection.
When the soft finger is moving with an angular velocity, the
mode depends on the magnitude of the linear velocity. Thus, for
the same normal force, angular velocity, and direction of velocity
of the finger, different modes might arise. This is because of
the fact that when ωh , 0, the modes are no longer mapped
to planar cones. Instead, the boundaries of the regions in two
dimensions can be represented by the intersection of the motion
cone described in Theorem 8 with the plane corresponding to
the angular velocity ωh. Figure 8 shows an example where
the finger is rotating at −pi/80 rad/s for 40 seconds. On the
left side, the linear velocity is chosen so that it is within the
sticking region. In this case, the object is rotated by 90◦. On the
right, the linear velocity is slightly increased such that it enters
the pivoting region, resulting in a faster rotation of the object,
exceeding the 90◦ rotation by the end of the simulation.
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Figure 9: Sliding motion experiment: a soft finger is attached to the KUKA LBR iiwa robot. The book is being dragged toward the
edge. Trajectories of the center of the object are shown in blue and of the friction patch in red.
Figure 10: Experimental setup. From left to right: robot end-
effector with optical markers, spherical and square soft fingers,
and the object (book) with optical markers.
7.2 Robotic experiments
The experimental setup consisted of a KUKA light weight iiwa7
robot arm, with an ATI Gamma force-torque sensor mounted at
the wrist. A number of soft fingers were manufactured, and are
shown in Figure 10, together with the end-effector of the robot
and the object used in the experiments (a hard-cover book). The
positions of the robot and of the object were recorded using an
Optitrack motion capture system.
7.2.1 Sliding trajectory
To verify the accuracy of the dynamical system presented in
Section 3, the soft finger mounted at the robot end-effector was
pressed against the object and commanded to move at a certain
velocity, while maintaining a constant normal force. An image
sequence of one trial is shown in Figure 9, with the trajectories
of the center of the book overlaid in blue and of the center of the
friction patch in red.
An experiment under similar conditions was tested in simulation,
calculating the trajectories of the object, finger, and pivot point,
and the forces that arise from this interaction. In Figure 11, the
full state of the system and the wrenches at the hand frame as
a function of time are shown for both simulation (solid) and
experimental (dashed) data. To identify A, B, and s, i.e., the
percentage of the shift of COP due to loading, we set up an
optimization problem that minimizes the error between the sim-
ulated experiment and the measured data. The hand velocity and
the normal forces are chosen as the average of the respective
values from the experiments. A comparison between the simu-
lated and the experimental results is shown in Figure 12. The
plot on the left shows the simulated object path in blue and the
experimental in dashed black. The plot on the right side of Fig-
ure 12 shows the positions of the patch and the pivot point in the
object frame. It can be seen that the model accurately describes
the sliding motion of the object, reaching similar positions and
orientations within the same amount of time. In Figure 14, a
number of sample sliding motions are shown. The same param-
eters, except for the COP of the patch which could vary slightly
from an experiment to another, are used for all the simulated
results. The prediction of the proposed model matches with the
experimental results.
7.2.2 Modes and motion cones
Validation of the motion cones and possible modes was carried
out by placing the soft finger at different locations on the book
and performing linear motions in various directions, with zero
angular velocity, while maintaining a constant normal force. The
angular velocity of the object was recorded and is visualized in
Figure 13 for two different locations. The symmetry presented
in these results confirm what is posited in Corollary 1. The left
side of the figure shows the angular velocities when pressing
the soft finger with a normal force of 6 N. Since the friction is
approximately isotropic, according to Theorem 14 the soft finger
sticks to the object when moving towards or away from the COP
of the object. When moving perpendicularly to this line, the
object pivots and has some rotational velocity. The right side
shows the same effect with a normal force of 2 N. The patch
slips against the object when moving along a direction close to
the line that passes through the COPs of the object and of the
patch and pivots when the velocity is perpendicular to that.
7.2.3 Controlled sliding
One of the main observations of the proposed model is that, by
regulating the normal force applied by the soft finger, we can
modify the trajectory of the object. As discussed in Section 3.1,
an increase in the normal force applied on the object through the
friction patch slows down the rotation. Given a patch location
and a velocity direction, a reference trajectory for θo can be
defined, as long as it stays within the calculated limits as in
Figure 6.
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Figure 11: A sample of poses and forces in pivoting mode during a straight line motion. The three components of each vector are
shown in blue, red, and yellow colors, respectively. The normal force at the hand frame has additionally been shown in wh plot in
violet. Dashed lines represent the experimental results, which are almost indistinguishable from the simulation.
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Figure 12: Comparison of simulated and experimental results for a straight line pivoting motion. On the left, the rectangles in blue
illustrate simulation, and in dashed black experimental results. On the right, the locus of the origin of the patch frame (red) and the
pivot point (cyan) with respect to the object are shown.
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Figure 13: Visualization of the sticking and pivoting cones (blue)
and slipping and pivoting cones (red) based on |ωo| as a result
of moving the soft finger with 1 cm/s in various directions.
Figure 15 illustrates the result of an experiment for tracking a
desired trajectory of the object orientation. A force controller
was implemented on the robot to realize the proportional con-
trol law (104). This simple proportional controller was able to
closely track the reference trajectory, applying larger normal
forces to keep the object from rotating, and relaxing the pressure
whenever faster rotation was required.
8 Discussion
The experimental results suggest a good match between theory
and practice. The assumptions of quasi-static motion and ellip-
soid approximation of limit surfaces hold in our experiments.
However, when the contact areas are not negligible, an accurate
estimation of the location of COPs becomes important. Accord-
ingly, due to variability in the pressure distribution and friction
coefficients (Yu et al., 2016), applying nominal values may not
be adequate and hence feedback must be employed.
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Figure 15: Experimental result of tracking a reference trajectory
for the object orientation.
A frictional patch allows both pulling and pushing of an object.
Compared to pushing scenarios (Mason, 1982; Zhou and Mason,
2017), we observe that the torsional friction adds some stability
margin for pushing. Nevertheless, reversing from a stable mo-
tion at the border of the pivoting region is unstable and sensitive
to small perturbations. Additionally, at the stable fixed-point,
the center of a circular patch would not align with the COP of
the object, in contrast to the scenario where there is no torsional
friction considered by Huang et al. (2017). Another observation
is that, if the friction is anisotropic, the main axis of the motion
cone corresponding to sticking mode is not directed toward the
COP of the object.
A fundamental difference between our model and previous stud-
ies based on pulling/pushing is the inclusion of torsional friction.
Since the torsional friction can be regulated by adjusting the
normal force, we have in effect an extra degree of actuation
besides the motion of the hand. This fact has been successfully
utilized in the trajectory tracking experiment in Section 7.2.3.
The reason that a simple controller such as (104) can work in
practice is that for a given velocity of the patch, the angular
velocity of the object (ωo) could be approximated as a linear
function of fn around a working point.
For a linear motion and a fixed normal force, the distance to
cause a certain amount of rotation in the object is independent
of the velocity of the patch. Moreover, by increasing the normal
force, the motion cone widens, and hence the maximum possible
rotation is reduced. At the same time, the object rotates slower,
which results in a longer distance to achieve a certain amount of
rotation.
According to Theorem 12, the generalized eigenvectors of Aˆ
and B can be interpreted as the principal sliding wrenches, while
the generalized eigenvectors of Aˆ−1 and B−1 define principal
sliding twists. These eigenvectors and their corresponding eigen-
values provide important information for a sliding motion at a
given configuration. Specifically, the eigenvectors characterize
wrenches and twists that cause sticking and slipping with largest
margins.
The approximation method developed in Section 5 can be viewed
as an extension of the pushing model by Zhou and Mason (2017);
Zhou et al. (2017), where the pusher can also exert torsional
friction, and the ellipsoidal limit surfaces are given in their
most generic form. If the pivot point is additionally allowed to
displace, the model for planar sliding using friction patches is
recovered. As explained in Section 5, the displacement of the
pivot point can be accounted for in the approximate solution in
an iterative fashion.
If the stiffness of the material in contact with the slider is low, we
cannot assume the velocity of the patch as a control input any-
more. However, for many practical applications the deflection of
the soft finger with respect to the overall motion of the object is
negligible. A possible extension is to augment the Coulomb fric-
tion model of the patch with a spring-damper model to account
for the flexibility of the soft finger. This approach is somewhat
similar to the work by Kao and Cutkosky (1992), although they
do not derive any dynamical system for time evolution of the
system.
A more realistic friction model should be able to distinguish
between static and dynamic friction coefficients. Moreover,
higher order approximation of limit surface proposed by Zhou
et al. (2018) can be adapted to our approach, although there may
not exist efficient algorithms to solve the resulting systems of
equation.
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A control algorithm can benefit from haptic exploration for
identification of the friction properties of the object being ma-
nipulated. For example, by adjusting the normal force and
measuring tangential forces, it is possible to distinguish if the
soft finger slides with the object or on the object. Such ideas can
be incorporated for identification and control of the mode of the
system.
Using the developed model, several planning problems can be
formulated and solved. A possible planning problem is to find
trajectories to slide an object from an initial to a desired pose
such the contact between surfaces is maintained and the nor-
mal force is within desired limits. Another example is to find
minimal required normal forces to slide an object along a path
without pivoting or slipping. Note that when the pivot point
varies a lot, a simple approximation of the dynamics as an object
with a joint is not sufficient. In such scenarios, a more elaborate
dynamical system as the one presented in this article must be
considered.
9 Conclusion
A mathematical model for planar sliding has been provided,
where the friction between a soft finger and the slider generates
forces for the motion of the object. The concept of motion
cones are extended to find criteria for three modes of the system,
namely sticking, slipping, and pivoting. In pivoting mode, the
soft finger can be regarded as if it is connected to the slider using
a joint, which in general slides on the surface of the object. This
interconnection enables both pushing and pulling of the object.
We relax some of the common assumptions made for modeling
frictional contacts such as diagonal matrices for approximating
limit surfaces or having a fixed pivot point. The result of mod-
eling is a hybrid dynamical system, which is used for finding
fixed-points of the system and determining their stability.
The developed model can be used as the basis for planning and
control design. For example, it makes it possible to predict
the directions for stable sliding with the largest margin, to ap-
proximate the amount of rotation before reaching a fixed-point,
to predict whether the contact is maintained or the soft finger
would go off the surface of the object, etc.
We evaluate the model experimentally. The comparison of the
results with the simulated model suggests that the essential
physical factors are captured in the model. In addition, we
demonstrate the possibility of tracking a desired trajectory by
regulating normal forces based on visual feedback.
In the future, we consider designing adaptive and robust con-
trollers to deal with the variations in the parameters of the system
during sliding.
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A Proof of Theorem 3
Proof. Since matrix A is symmetric, it has 6 unique elements.
Accordingly, by expanding the right hand side of (15), we find 6
equations and 6 unknowns, i.e., the diagonal elements of Λ, the
angle of rotation θ for R := R(θ) and the vector r = [xr, yr]T for
the Jacobian J := J(r). To show that this equation system can
indeed be solved, we construct the solution.
Using the elements of A, we calculate
x := (a11 − a22) + 1a33 (a
2
23 − a213)
= (λ1 − λ2) cos(2θ), (105a)
y := −2(a21 − 1a33 a13a23)
= (λ1 − λ2) sin(2θ). (105b)
Accordingly, we find
θ =
1
2
Atan2(x, y) sign(λ1 − λ2). (106)
If λ1 , λ2, and we decide a specific ordering for the elements of
Λ, e.g., λ1 > λ2, the angle is uniquely determined. If λ1 = λ2,
any angle can be chosen including 0.
After finding θ, as an intermediate step we calculate
Λ˜ = R(θ)ART (θ). (107)
Now, the elements of r are obtained as
xr =
Λ˜23
Λ˜33
, yr = − Λ˜13
Λ˜33
(108)
Finally,
Λ = J(−r)Λ˜JT (−r). (109)
B Proof of Theorem 4
Proof. We prove the theorem by contradiction. Assume that
there are two distinct positive solutions α2 > α1 > 0. We prove
that this implies that νh = 0.
Since Aˆ and B are positive definite, so is Λ, and hence all
λi > 0, i ∈ {1, 2, 3}. The coefficients ci, which are the diagonal
of C = Λ − I, cannot all have the same sign. Otherwise, the
left hand side of (31) will be irrespective of νh either positive
or negative and there will be no solution to the equation. This
implies that one or two eigenvalues are less than one, while the
rest are/is larger than one. Here, we consider the case where
λ1 > 1 > λ2 > λ3. Other cases are proven similarly.
For αi, i ∈ {1, 2}, we have
c1
(
v˜xh
αiλ1 + 1
)2
+ c2
(
v˜yh
αiλ2 + 1
)2
+ c3
(
ω˜h
αiλ3 + 1
)2
= 0.
We multiply the equation associated with αi by
(αiλ1 + 1)2 (110)
and subtract the resulting equations from each other to eliminate
the first term. Accordingly,
c2v˜2yh
(
f1,2(α2) − f1,2(α1)) +
c3ω˜2h
(
f1,3(α2) − f1,3(α1)) = 0 (111)
where
fi, j(α) :=
(
αλi + 1
αλ j + 1
)2
. (112)
For α ≥ 0 and positive values of λi, from the derivate of (112)
we find out that the function is monotonically increasing or
decreasing, depending on the sign of λi − λ j. Thus, given our
assumptions about λi, both f1,2 and f1,3 are increasing functions.
Taking this fact into account, the left hand side of (111) is al-
ways negative unless both v˜yh and ω˜h are zero. If this is the case,
from (31) we conclude that v˜xh must also be zero. Since νh is
assumed to be non zero, this completes the proof by contradic-
tion.
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C Proof of Theorem 5
Proof. Firstly, we show that it is impossible to have no active
modes, i.e., there is at least one active mode. Secondly, we prove
that it is impossible to have any two modes active at the same
unless νh = 0.
Let us define
f (β, γ) := w(β, γ)TCw(β, γ) (113)
where w(β, γ) = (βI + γΛ)−1 ν˜h. If neither sticking mode nor
slipping mode is possible, from conditions (39) and (43), we
conclude
f (β, 0) > 0, (114a)
f (0, γ) < 0. (114b)
Also define g(α) := f (1, α). According to (113), sign f (β, γ) =
sign g(γ/β). Consequently, conditions (114) can be written as
g(0) > 0
and for a large enough α
g(α) < 0.
Since g(·) is a continuous function, there must exist an α > 0
such that g(α) = 0, i.e., there is a solution in pivoting mode.
Therefore, it is impossible to have no active mode.
For ease of reference, here we summarize (39), (30), and (43),
which provide the criteria for sticking, pivoting, and slipping
modes, respectively
ν˜ThCν˜h ≤ 0, (115a)
α > 0, ν˜ThC(I + αΛ)
−2ν˜h = 0, (115b)
ν˜ThCΛ
−2ν˜h ≥ 0. (115c)
Now assume that any pair of these conditions hold true. We
can show that this results in a contradiction unless νh = 0. The
proof construction is similar to the proof of Theorem 4 given in
Appendix B. More specifically, the term corresponding to the
largest eigenvalue is eliminated by multiplying the expressions
by proper coefficients similar to (110). Here, we provide the
details only for the case where (115a) and (115c) are assumed
true.
We know that the diagonal elements of C = Λ−I cannot have the
same sign. Let us assume λ1 > 1 > λ2 > λ3 > 0. Accordingly,
λ21ν˜
T
hCΛ
−2ν˜h − ν˜ThCν˜h =
c2v˜2yh
( (
λ1
λ2
)2 − 1) + c3ω˜2h( ( λ1λ3 )2 − 1) ≤ 0 (116)
Unless v˜yh and ω˜h are zero, (116) is strictly negative. However,
to fulfill (115a) if v˜yh = ω˜h = 0, νh must also be zero since
c1 > 0. Thus, we conclude that if νh , 0, then
ν˜ThCν˜h > λ
2
1ν˜
T
hCΛ
−2ν˜h, (117)
which contradicts the assumption that the left hand side is less
than or equal to zero and the right hand side is greater or equal
to zero. Other scenarios for λi are proven similarly.
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Figure 16: Experimental results of the effect of normal force in
the shift of the object COP towards the patch.
D Experimental validation of shift of COP
To understand the effect of loading an object with a given normal
force, in terms of the amount of displacement of the COP of the
object towards the COP of the patch, a number of experiments
were carried out. We used a BTS Force Plate, which measures
forces and centers of pressure. The objects were placed on the
surface and pressed with an increasing normal force. The shift s
(in percentage) is plotted in Figure 16, against the normal force
(normalized for object weight) for two different objects: a hard-
cover book of 463 g, and a flat steel slab of 1593 g. Both objects
presented similar behaviors, despite the differences in material
properties. The computational model proposed in (58) was used
to fit the experimental data, and the resulting parameters were
c = 0.6, δ = 2.0 for the book and c = 0.9642, δ = 1.324 for the
metal slab.
